MONADS OF INFINITE POINTS AND FINITE PRODUCT SPACES BY FRANK WATTENBERGÍ1)
ABSTRACT. The notion of "monad" is generalized to infinite (i.e. non-nearstandard) points in arbitrary nonstandard models of completely regular topological spaces.
The behaviour of several such monad systems in finite product spaces is investigated and we prove that for paracompact spaces A' such that X x X is normal, the covering monad P-satisfies fi(x, y) = fM. (ii) The real line R.
(iii) If X is any cardinal we denote by R the set of all finitely nonzero functions f: X -R. This set is given the metric,
The partition p will always be one of the monad systems of Examples 1.3 or the partition:
p(x) = \y s.t. d(x, y) < e for every standard f < 0}. Therefore *f(y) £ p*(*f(x)). (ii) On normal spaces p is the coarse monad c.
Proof, (i) is clear since 7 is completely regular and compact.
(ii) Let T be any normal space. Suppose first that x, y £ T and x 4 p (v)-Then there is a standard continuous function /: T -» I such that f(x) 4 p( f(y)).
We may assume without loss of generality that f(y) < f(x). Let 77 be the internal
77 is an internal interval which contains every infinitesimal and hence must also contain some standard e > 0. Therefore there are standard points a and ß such that f(y) < a < ß < f(x). Let The obvious next step is to investigate the monad system induced by the prototype (7?, A) = (R, m). One might expect that this prototype would induce a very natural monad system on the class of all completely regular spaces. However, the following proposition shows that even the much finer prototype (R, t) induces a monad system which is intuitively much too coarse even for metric spaces. (ii) Hence, the monad system I is neither finer nor coarser than the monad system m -k. Thus, in general, the set of monad systems is noi linearly ordered.
(iii) Also, on R the monad system m = k is strictly finer than the monad system m = A , induced from (R, A) = (R, m).
Proof, (iii) Immediate.
The preceding proposition shows that the prototype, (R, m), is not large enough to give us an intuitively reasonable monad system on the class of all completely regular spaces. Hence, we will consider the prototypes (R , p.) and (R , mx) where mx will denote the metric monad on R* and p will denote the \ mx will denote the metric monad on R* and p will < partition of R* given by p>(x) == iy s.t.
d(x, y) < £ for every standard positive e].
The following lemmas show that if the cardinal À is large enough then these prototypes induce intuitively reasonable monad systems. (1) For every standard continuous function /: X -> Y between two normal spaces, for every x £ *X, *f(k(x)) C k(*f(x)).
(2) For metric spaces, k(x) = m(x).
Lemma 2.8. Suppose that T is a completely regular space and that X and k are two cardinals such that X, k>T and X, k > 2 . Then ¡or each t £ T, px(A = p*(t) = m*x(t) = m%t).
Proof. We may assume that X < k so there is an obvious inclusion R Ç R Then we define the monad system p on J by p(t) = pxU), fot each t £ T, where X is any cardinal such that X > T.
Theorem 2.10. (i) For near-standard points t £ T, p(t) is the usual monad.
Hence, our notation is consistent.
(ii) For metric spaces, p(t) = m(t) = k(t).
(iii) For normal spaces, p(t) = A(r).
(iv) p is a monad system on the class of completely regular spaces.
The work in this section leaves us in the somewhat unsettling position of having a plethora of monad systems on the class of completely regular spaces. It would be of some interest to attempt to classify such monad systems or perhaps to study the partially ordered set of all such monad systems. In this connection it is interesting to note that Proposition 2.6 shows that the partial order is not linear and also that with the following definitions this set is actually a lattice.
(i) a < b if, for every completely regular space T and every / £ *T, a(t) Ç b{t).
(ii) (fl A b)(x) = a(x) n b(x). In the next section we shall obtain some more evidence that the monad system p is the most appropriate one to use.
3. Monads in finite products.
In this section we would like to investigate the following question.
Suppose that a is a monad system and that (x, y) £ (X x Y).
Then under what circumstances is a(x, y) = a(x) x a(y)? The following observation is immediate. Hence, a(x, y) C p~l(a(x)) n p~l(a(y)) = a(x) x a(y).
However, the following example shows that, in general, equality does not hold.
Example 3.2. If x is a standard point in R and y is an infinite point in R then p(x, y) / p(x) x p(y).
Proof. Clear.
The following proposition shows that for many monad systems even a(x, x) / a(x) x a(x). Proof. Since c is the coarsest possible monad system for normal spaces a(x, x) C c(x, x).
Although many monad systems behave badly for products, the trivial monad system trivially behaves well, and the covering monad system behaves well at least for paracompact spaces. Proof. Trivial. if necessary we may assume that U is a covering of X. Let A = \(t, t) e X x X\.
We will produce a locally finite covering of X by pairs by breaking each (Ua n A, Fa n A) up into a locally finite family as follows.
For each a such that Fan A 4 0, for each (t, t) e Fa there is an open subset A a C X such that (t, t) £ A ( a x A t a C Ua. Since X is paracompact so iŝ a = •' e X: U> A £ Fa\. Hence, ¡A a| can be refined to a locally finite covering \By a| of 77a. Since X is normal we can find closed sets C aC B a such thâ^y (ii) there is some quasi-standard compact set K such that \x, y]C K.
We say x is of finite order (written o(x) = 0) if there is some standard point y such that o(x) = o(y). (ii) // o(x) = 0, then x is near-standard.
(iii) // X zs locally compact, then o(x) = 0 if and only if x is near-standard.
Proof, (i) [x, y] is compact and hence quasi-standard compact.
(ii) If lx, y] C K, K is quasi-standard and y is standard, then K must also be standard and compact. Hence, since x is an element of a standard compact set x must be near-standard [14] .
(iii) If x is near-standard let K be a standard compact neighborhood of St(x).
Hence, x £ *K and o(x) = o(St(x)) = 0.
In general, order is not preserved by standard continuous functions as can easily be seen from consideration of the function /: R -» R given by f(x) = x sin x.
However, we do have the following partial result. Before proving the main result of this section we need three lemmas. We are now ready to prove the main result of this section.
Theorem 3.15. Suppose that X is paracompact and that X x X is normal. Proof. We may assume 0 < x < y since all the conclusions are easily symmetric in x, -x, y and -y.
(i) is immediately equivalent to (ii) since the map T(t) = t + (x -y) is an isometry.
(ii) implies (iii). Suppose that p(x) = p(y) + (x -y). Clearly, y + 1/y 4p(y) and, hence, x + 1/y 4 p(x). Thus, there is a standard continuous function h:
R -> (0, oo) such that *h(x) < 1/y. Let g(t) = Min I Ms): 0 < s < t\/2. Then g is also standard continuous and g is monotone decreasing. Notice g(x) < 1/y. Define /(/) = l/g(t) for 0 < / < oo. Then / is standard, continuous and monotone increasing and f(x) > y which completes the proof of (ii) implies (iii). We may assume y is infinite since otherwise the theorem is trivial, and we may also assume by the proof of (ii) implies (iii) that / is monotone increasing. Hence, Limx^oo/(x)= oo, and this implies that the family 17C i is locally finite. Let v be the (infinite) integer such that v < x < v + 1. Then íx, y j C Ky. (ii) Now assume that x is any infinite element of R. We will show that Let /(ra, z') = l + i + Sp~, A . Now suppose y £ 7?. We may assume y is positive, since g, h will be defined so that g( -y) = -g(y) and h( -y) = -h(y). Then there is a unique ra and i such that t . < y < t ._,_, or n,i -J n ,i+ 1 , , < V < t , n = t , .
n ,k -\ -■> n + 1,0 n,k n n Now let My) = /(ra, ¿) if /(ra, i) is even, (/(ra, z + 2)(y -tn p + /(ra, /')(«" ;+, -y))An if /(ra, f) is odd;
